Abstract. We develop the notion of deformation of a morphism in a left-proper model category. As an application we provide a geometric/homotopic description of deformations of commutative (non-positively) graded differential algebras over a local DG-Artin ring.
Introduction
This is the first of a series of papers devoted to the use of model category theory in the study of deformations of algebraic schemes and morphisms between them. In doing this we always try to reduce the homotopic and simplicial background at minimum, with the aim to be concrete and accessible to a wide community, especially to everyone having a classical background in algebraic geometry and deformation theory.
In order to explain the underlying ideas it is useful to sketch briefly their evolution, from the very beginning to the present form: needless to say that our plan of work is still fluid and several changes are possible in the near future.
A very useful principle in deformation theory is that over a field of characteristic 0 every deformation problem is controlled by a differential graded Lie algebra, according to the general and well understood construction of Maurer-Cartan modulus gauge action, see e.g. [10, 16] . As properly stated in [18] , the explicit construction of the relevant DG-Lie algebra controlling a given problem requires creative thinking and the study of instructive examples existing in the literature.
For an affine scheme, it is well known and easy to prove that the DG-Lie algebra of derivations of a multiplicative Tate-Quillen resolution controls its deformations, since the Maurer-Cartan elements correspond to perturbation of the differential of the resolution. According to Hinich [13] the same recipe extends to (non-positively graded) DG-affine schemes and give a good notion of deformations of such objects over a (non-positively graded) differential graded local Artin ring (see also [17, Section 4] for a partial result in this direction).
This example is very instructive and suggests that for general separated schemes, the right DGLie algebra controlling deformations should be constructed by taking derivations of a Palamodov resolvent (possibly of special kind). Here the problem to face is that a Palamodov resolvent, as classically defined [6, 19] , carries inside a quite complex combinatorial structure, that leads to very complicated computations in every attempt to prove the desired results.
The key idea to overcome this difficulty is to interpret this combinatorics as the property of being cofibrant in a suitable model category, and then use the various lifting and factorization axioms of model categories in order to provide clear and conceptually easier proofs. However, it is our opinion that this approach works very well and gain new additional insight whenever also the deformation theory of affine schemes is revisited in the framework of model categories. Since every multiplicative Tate-Quillen resolution of a commutative algebra is a special kind of cofibrant replacement in the category CDGA
≤0
K of differential graded commutative algebras in non-positive degrees, equipped with the projective model structure, it is convenient to express, as much as possible, the notion of deformation in terms of the model structure. This will be quite easy for the condition of flatness (Definition 2.9, modelled on the notion of DG-flatness of [2] ) and for the local Artin ring version of Nakayama's lemma (Definition 4.1).
The first main result of this paper is to define a "good" formal deformation theory of a morphism on every model category in which every cofibration is flat: several left-proper model categories used in concrete applications have this property, included CDGA ≤0 K . A remarkable fact is that the deformation theory of a morphism is homotopy invariant: more precisely given morphisms K f − → X g − → Y with g a weak equivalence, then the two morphisms f and gf have the same deformation theory; this allows in particular the possibility to restrict our attention to deformations of cofibrations.
The second main result is the proof that in the category CDGA ≤0 K our general notion of deformation is equivalent to the notion introduced by Hinich and in particular gives the classical notion of deformation when restricted to algebras concentrated in degree 0. The main ingredient of the proof, that we consider of independent interest, is that both the left and right lifting properties and the (C-FW), (CW-F) factorization properties are unobstructed in the sense of [17] , i.e., can be lifted along every surjective morphism of DG-local Artin rings (Theorems 6.3, 6.13 and 6.15). The case of lifting properties is easy, while the unobstructedness of (C-FW) and (CW-F) factorizations are quite involved and are proved as a consequence of a non-trivial technical result about liftings of trivial idempotents in cofibrant objects (Theorem 6.12): all this technical results will be extremely important in our next paper in order to treat in an easy way deformations of general separated algebraic schemes.
Notation and preliminary results
The general theory is carried out on a fixed model category M, although the main relevant examples for the applications of this paper are the categories CDGA K of differential graded commutative algebras over a field K of characteristic 0, and its full subcategory CDGA weak equivalence (resp.: cofibration, trivial fibration) if and only if has the same property as a morphism in CDGA K .
Starting from Section 4 we shall assume that M satisfies the additional property introduced in Definition 2.13.
For every object A ∈ M we shall denote by A ↓ M (or equivalently by M A ) the model undercategory of maps A → X in M, and by M ↓ A the overcategory of maps X → A, [14, p. 126] . Notice that for every f : A → B we have (A ↓ M) ↓ f = f ↓ (M ↓ B).
Every morphism f : A → B in M induces two functors:
According to the definition of the model structure in the undercategories of M, a morphism h in M B is a weak equivalence (respectively: fibration, cofibration) if and only if f * (h) is a weak equivalence (respectively: fibration, cofibration), see [14, p. 126] .
For notational simplicity, in the diagrams we adopt the following labels about maps: C=cofibration, F =fibration, W=weak equivalence, CW=trivial cofibration, F W=trivial fibration. We also adopt the labels for denoting pullback (Cartesian) squares, and for pushout (coCartesian) squares. Definition 1.1. An idempotent in M is an endomorphism e : Z → Z such that e • e = e. We shall say that e is a trivial idempotent if it is also a weak equivalence. The fixed locus ι : F e → Z of an idempotent e : Z → Z is the limit of the diagram 
− → Z is canonically isomorphic to the fixed locus of e. (3) The fixed locus of idempotents commutes with pushouts, i.e., for every span Z f ← − A → B and for every idempotent e : Z → Z such that ef = f , the fixed locus of the induced idempotent
Proof. The first item is an immediate consequence of the universal property of limits applied to
For the second item, since qe = qiq = q, ei = iqi = i, we have that the two morphisms
are one the inverse of the other.
In the the last item, the morphism f lifts to a morphism A → F and the proof follows immediately from the fact that retractions are preserved by pushouts.
Flatness in model categories
Let M be a model category and let G be a class of morphisms of M containing all the isomorphisms and such that G is closed under composition.
Example 2.2. When G is exactly the class of isomorphisms, then every morphism is a Gcofibration.
Remark 2.3. Since finite colimits are defined by a universal property, they are defined up to isomorphism: therefore the assumption on the class G are required in order to have that the notion of G-cofibration makes sense.
Lemma 2.4. In the situation of Definition 2.1, the class of G-cofibrations contains the isomorphisms and is closed under composition and pushouts. If G is closed under retractions, then the same holds for G-cofibrations.
Proof. It is plain that every isomorphism is a G-cofibration. Let f : A → B and g : B → C be G-cofibration; then for every
belongs to G, and therefore also the morphism 
The class Cof W of W-cofibrations was considered by Grothendieck in his personal approach to model categories [11, page 8] , and more recently by Batanin and Berger [3] under the name of h-cofibrations.
Lemma 2.5. In a left-proper model category weak equivalences between W-cofibrant objects are preserved by pushouts, i.e. for every commutative diagram
and every morphism A → B the pushout map E ∐ A B → D ∐ A B is a weak equivalence.
Proof. Consider a factorization A α − → P β − → B with α ∈ C ⊂ Cof W , β ∈ W and then apply the 2 out of 3 axiom to the diagram
to obtain the statement. Proof. The proof follows from the fact that every weak equivalence is the composition of a trivial cofibration and a trivial fibration, and trivial cofibrations are preserved under pushouts.
Example 2.7. In the model category CDGA K of commutative differential graded K -algebras consider the polynomial algebras:
Then B is not cofibrant and the natural inclusion i : A → B is not a W-cofibration. 1) In order to prove that B is not cofibrant consider the polynomial algebra
together with the surjective morphism
It is immediate to see that i is a weak equivalence and by Künneth formula also the inclusion
is a weak equivalence. Hence q is a trivial fibration and then if B is cofibrant there exists a morphism f : B → D such that qf = id B . Any such f should satisfy
and this gives a contradiction since
2) Consider the retraction of polynomial algebras
Since K is assumed of characteristic 0 both j and q are quasi-isomorphisms. In order to prove that i : A → B is not a W-cofibration we shall prove that the pushoutout of q under i is not a weak equivalence: in fact
and the element yt gives a nontrivial cohomology class which is annihilated by the pushout of q:
Example 2.8. The natural inclusion morphism
in the category CDGA K is not a W-cofibration. To see this consider the (C-FW) factorization
and it is easy to see that
is not a quasi-isomorphism (for instance x 0 does not lift to a cocycle in C ⊗ A B).
According to the definition of the model structure in the undercategories of M, a morphism h in M B is a weak equivalence (respectively fibration, cofibration) if and only if f * (h) is a weak equivalence (respectively fibration, cofibration), see [14, p. 126] .
The functor f * preserves cofibrations and trivial cofibrations, and f is a W-cofibration if and only if f * preserves weak equivalences. Given a pushout square
we have the base change formula
which is equivalent to the canonical isomorphism In a more explicit way, a morphism A − → B in a model category M is flat if every commutative square A
or, equivalently, if C∐ A B − → D∐ A B is a trivial fibration and the natural map
is an isomorphism.
The notion of flatness is preserved under the passage to undercategories and overcategories. In particular, given two maps
The above notion of flatness is motivated by the example of commutative differential graded algebras: we shall prove in the next section that a morphism A → B in CDGA Remark 2.10. Altough the above notion of flatness also makes sense in categories of fibrant objects it seems that its utility is restricted to the realm of left-proper model categories. It is important to point out that flatness is not invariant under weak equivalences, and then it does not make sense to talk about flat morphisms in the homotopy category.
Lemma 2.11. Every flat morphism is a W-cofibration. Retracts: let C be any category, and denote by C
1 the category of commutative squares in C. It is easy and completely straightforward to see that every retract of a pullback (respectively, pushout) square in C
1 is a pullback (respectively, pushout) square. Consider now a retraction
in M, with g a flat morphism. By the universal property of coproduct, every map A → X gives a canonical retraction
Therefore, every commutative square ξ ∈ M
the pullback of a trivial fibration. Since trivial fibrations and pullback squares are stable under retracts, it follows that also ξ ∐ A B is the pullback square of a trivial fibration. The name "coFrobenius condition" of Definition 2.14 is due to its dual property, the Frobenius condition, which has been already considered in the literature, [7] . Similarly one can prove that the category sSet of simplicial sets endowed with the Quillen's model structure, [20] , does not satisfy the coFrobenius condition, while left-properness immediately follows recalling that all objects are cofibrant. Proof. If M is strong left-proper then it satisfies the coFrobenius condition. Conversely, let I be the set of generating cofibrations of M; by hypothesis every map of I is flat. Recall that every cofibration in M is a retract of a transfinite composition of pushouts of maps in I, [15, Prop. 2.1.18] . Therefore it is sufficient to show that given an ordinal λ together with a λ-sequence
in M where each f λ is a flat cofibration for λ < λ, then the transfinite composition f λ : A 0 → colim λ<λ A λ is flat. For simplicity of notation we shall denote A λ = colim A λ .
Consider a commutative square
/ / E with C → E a trivial fibration. Recall that filtered colimits commute with finite limits, so that we have the following chain of isomorphisms
where the second isomorphism follows from the flatness of the maps A 0 → A λ , λ < λ.
We are left with the proof that the morphism C ∐ A0 A ∞ → E ∐ A0 A λ is a trivial fibration; this follows by the coFrobenius condition. The model category sAlg R of simplicial commutative algebras over a commutative ring R (endowed with the model structure defined in [9, Sec. 4.3] ) is strong left-proper. In fact this category is left-proper, [23, Lemma 3.1.1], and every cofibration is a retract of a free morphism, [9, Prop. 4.21 ]. The conclusion is now an immediate consequence of the fact that the pushout of commutative simplicial rings is given by degreewise tensor product.
For future purposes we now prove the following useful result.
Lemma 2.19. Let M be a model category satisfying the coFrobenius condition. Assume moreover that for every pair of morphisms A → B → C, if A → C is a fibration and A → B is a trivial fibration, then B → C is a fibration.
Then trivial fibrations between flat objects are preserved by pushouts.
Proof. Given a diagram
By the coFrobenius condition the morphism E ∐ A P → D ∐ A P is a trivial fibration. Moreover, since A → E and A → D are flat the morphisms
are trivial fibrations, so that the commutative diagram
gives the statement. For every differential graded commutative algebra A we shall denote by DGMod(A) (resp.:
≤0 ) the category of differential graded modules over A (resp.: concentrated in nonpositive degrees). For every module M ∈ DGMod(A) we shall denote by A ⊕ M the trivial extension.
For every A ∈ CDGA 
i.e., mapping cone commutes with tensor products. Finally, the same proof as in the classical case shows that the functor − ⊗ A B : DGMod(A) ≤0 → DGMod(B) ≤0 is right exact, i.e., preserves the class of exact sequences of type M → N → P → 0.
K is a W-cofibration if and only if the graded tensor product −⊗ A B : DGMod(A) ≤0 → DGMod(B) ≤0 preserves the class of acyclic modules.
Proof. The "only if" pat is clear since for every acyclic A-module M the natural inclusion A → A ⊕ M is a weak equivalence. The "if" part is a consequence of the fact that the tensor product commutes with mapping cones and the well known fact that a morphism of A-modules is a weak equivalence if and only if its mapping cone is acyclic. ≤0 → DGMod(B) ≤0 preserves the class of quasi-isomorphisms and for every short exact sequence 0 → M → N → P → 0 of differential graded A-modules, the sequence
Proof. It is clear that (3) implies (2).
We now prove that (1) implies (3). If M → N is a quasi-isomorphism of A-modules, then A ⊕ M → A ⊕ N is a weak equivalence in CDGA
≤0
A and, since every flat morphism is a Wcofibration we also have that
is a weak equivalence. Consider now a short exact sequence 0
≤0 . Then we have a pullback square of trivial fibrations
and then also
is a pullback square of a trivial fibration: this is possible if and only if the sequence
is exact. Finally we prove that (2) implies (1). By using trivial extensions we immediately see that for every injective morphism M → N of A-modules, the induced map M ⊗ A B → N ⊗ A B is still injective.
By hypothesis the functor − ⊗ A B preserves the class of trivial fibrations. Then we only need to show that it commutes with pullbacks of a given trivial fibration f : P F W − −− → Q. To this aim, consider a morphism C → Q and the pullback P × Q C represented by the commutative diagram
whose rows are exact. Applying the right exact functor − ⊗ A B we obtain the commutative diagram 0
whose rows are exact by hypothesis. It follows that (P × Q C)⊗ A B is (isomorphic to) the pullback
Notice that in the model category CDGA
K not every W-cofibration is flat: consider for instance the morphism of K -algebras f :
Notice also that our definition of flatness of a morphism in CDGA ≤0 K differs substantially from the notion of flat morphism given in [25] : this will be especially clear after the following two corollaries. Proof. If f is flat, then by condition (3) of Theorem 3.2 it follows that every B j is a flat Amodule. Conversely, if every B j is flat then for every short exact sequence 0 → M → N → P → 0 of differential graded A-modules, the sequence
≤0 , since both B, M, N are bounded above, for every j the morphism M ⊗ A B j → N ⊗ A B j is a quasi-isomorphism of complexes of A-modules and a standard spectral sequence argument implies that also M ⊗ A B → N ⊗ A B is a quasi-isomorphism. Proof. The second part of the corollary is well known, nonetheless we give here a sketch of proof of the left-properness for the reader convenience and reference purposes.
Since every cofibration in CDGA
K is a retract of a semifree extension, according to Lemma 2.12 it is sufficient to prove that every semifree extension A → B is flat. We use Theorem 3.2 and we prove that − ⊗ A B : CDGA The preservation of the class of injections is clear since the injectivity of a morphism is independent of the differentials and, as a graded module, B is isomorphic to a direct sum of copies of A.
We have already seen that tensor product preserves the class of surjective morphisms and in order to conclude the proof we need to show that the semifree extension A → B is a Wcofibration.
Write B = A[x i ], i ∈ I, and notice that for every finite subset U ⊂ B there exists a finite subset of indices J ⊂ I such that A[x j ], j ∈ J, is a differential graded subalgebra of B containing U . Thus it not restrictive to assume that B is a finitely generated semifree A-algebra. Finally, since W-cofibrations are stable under finite composition we can reduce to the case B = A[x], with x ≤ 0 and dx ∈ A.
Denoting by B n ⊂ B, n ≥ 0, the differential graded A-submodule of polynomial of degree ≤ n in x, for every morphism A → C the cohomology of C ⊗ A B can be computed via the spectral sequence associated to the filtration C n = C ⊗ A B n , whose first page is a direct sum of copies of the cohomology of C. This clearly implies that the free simple extension
The following result is the analog (of the Artin version, cf. [24, Lemma A.4, item (a)]) of Nakayama's lemma in the category CDGA ≤0 K .
Proposition 3.5. Let I be a nilpotent differential graded ideal of an algebra A ∈ CDGA ≤0 K and let f : P → Q be a morphism of flat commutative differential graded A-algebras. Then f is an isomorphism (resp.: a weak equivalence) if and only if the induced morphism
is an isomorphism (resp.: a weak equivalence).
Proof. Denoting by B = A/I, it is not restrictive to assume that I is a square zero ideal; in particular I is a B-module and we have a short exact sequence of A-modules
By Theorem 3.2 we get a morphism of two short exact sequences of A-modules
If f is an isomorphism, then also g is an isomorphism and the conclusion follows by snake lemma. If f is a quasi-isomorphism, then it is a weak equivalence of flat B-algebras and then also g is a weak equivalence by Lemma 2.5. The proof now follows immediately by the five lemma applied to the long cohomology exact sequence of (3.1).
We shall denote by DGArt
K the full subcategory of differential graded local Artin algebra with residue field K . By definition a commutative differential graded algebra
is an isomorphism, and A is a finitely generated graded A 0 -module. In particular A is a finite dimensional differential graded K -vector space and m A := m A 0 ⊕ A <0 is a nilpotent differential graded ideal. For simplicity of notation we always identify K with the residue field A/m A via the isomorphism α. The following result is an immediate consequence of Proposition 3.5.
Corollary 3.6. Let f : P → Q be a morphism of flat commutative differential graded A-algebras, with A ∈ DGArt ≤0 K . Then f is an isomorphism (resp.: a weak equivalence) if and only if the induced morphism f :
We denote by Art K ⊂ DGArt
K the full subcategory of local Artin algebras with residue field K , i.e., A ∈ Art K if and only if it is concentrated in degree 0 and A ∈ DGArt 
Proof. As already said this is an easy consequence of Corollary 3.3 and standard fact about flatness and we give a direct proof only fon completeness of exposition. Since 
with R ⊗ A B flat over B and the conclusion follows by the cohomology long exact sequence. According to Corollary 3.3 the morphism R → H 0 (R) is a flat resolution of the A-module H 0 (R), therefore Tor
and H 0 (R) is flat over A.
Deformations of a morphism
In order to make a "good" deformation theory of a morphism in a model category, we need to introduce a class of morphisms that heuristically corresponds to extensions for which Corollary 3.6 is valid in an abstract setting. Definition 4.1. Let M be a left-proper model category. For every object K ∈ M we denote by M(K) the full subcategory of M ↓ K whose objects are the morphisms A → K that have the following property: for every commutative diagram
the morphism h is a weak equivalence (respectively: an isomorphism) if and only if the induced pushout map E ∐ A K → D ∐ A K is a weak equivalence (respectively: an isomorphism).
The class of small extensions is denoted by SExt.
such that f A is flat and the induced map X A ∐ A K → X is a weak equivalence.
A direct equivalence is given by a commutative diagram
Two deformations are equivalent if they are so under the equivalence relation generated by direct equivalences.
Notice that the assumption (A p − → K) ∈ M(K) implies that the morphism h in Definition 4.3 is a weak equivalence. In fact, the pushout along p gives a commutative diagram
and h ′ is a weak equivalence by the 2 out of 3 axiom. We denote either by Def f (A p − → K) or, with a little abuse of notation, by Def f (A) the quotient class of deformations up to equivalence.
If every cofibration is flat we can also consider c-deformations, defined as in Definition 4.3 by replacing flat morphisms with cofibrations. We denote by c Def f (A) the quotient class of c-deformations up to equivalence.
Since flat morphisms and cofibrations are W-cofibrations (see Lemma 2.11) according to Lemma 2.5 every morphism A → B in M(K) induces two maps
Lemma 4.4. In the above setup, if every cofibration is flat then:
The injectivity is clear since we can always assume X A = X A whenever A → X A is a cofibration, and every direct equivalence of deformations
2) By the first part we may prove that if q : A → B is a weak equivalence then c Def f (A) → c Def f (B) is bijective. For every c-deformation B → X B → X, taking a factorization
since weak equivalences are preserved under pushouts along cofibrations we get 
Thus in a strong left-proper model category we have c Def f = Def f .
Lemma 4.5. In a strong left-proper model category consider a commutative diagram
Proof. Since the composite map
is a weak equivalence. Since Y A → X A ∐ ZA Y A is a weak equivalence between flat A-objects, looking at the commutative diagram
the statement follows from the 2 out of 3 property. 
Proof. We need to prove that: 1) the relation ∼ defined by diagram (4.2) is an equivalence relation. This follows immediately from Lemma 4.5.
2) if
To this end consider a factorization
Remark 4.7. In the diagram (4.2) it is not restrictive to assume that X A ∐ A Y A → Z A is a cofibration: in fact we can always consider a factorization
Homotopy invariance of deformations
The aim of this section is to prove that the deformation theory of fibrant objects is invariant under weak equivalences.
The following preliminary technical result is essentially contained in [5, 20] .
Lemma 5.1 (Pullback of path objects). Let h : Q → X be a fibration of fibrant objects in a model category and let
be a path object of X. Then the morphism
/ / X where: Q × X X I is the fibered product of h and p 1 ; γ is the natural projection on the first two factors; every π i denotes the projection on the i-th factor.
Proof. Define Q I by taking a factorization of α as the composition of a trivial cofibration and a fibration β :
/ / X and, since f is a fibration, also γ and the composition γβ : Q I → Q × X X I are fibrations. Finally, the projection Q× X X I π1 −→ Q is a weak equivalence since it is the pullback of the trivial fibration p 1 . Hence γβ is a weak equivalence by the 2 out of 3 axiom.
Lemma 5.2. Let τ : X → Y be a trivial fibration of fibrant objects in a model category M, and let
is a c-deformation equivalent to the previous one.
Proof. We have a diagram
and by the 2 out of 3 property k ′ is a weak equivalence, i.e., the square (5.2) is a c-deformation: we need to prove that it is equivalent to (5.1).
Taking possibly a (CW,F)-factorization of h, followed by an extension of k:
it is not restrictive to assume that h is a fibration. Since τ h = τ k and τ is a weak equivalence, the maps h and k are the same map in the homotopy category Ho(M A ). Thus, since A → Q is a cofibration, the maps h and k are right homotopic: in other words there exists a path object
−−−−→ X × X and a morphism φ : Q → X I such that h = p 1 φ, k = p 2 φ. Taking the pullback of p 1 along h we get the following commutative diagram in M A :
Applying Lemma 5.1 to the fibration h, we obtain the commutative diagram
/ / X and, since Q is cofibrant, the morphism ψ lifts to a morphism ψ ′ : Q → Q I . Therefore we have a commutative diagram
In particular hη = p 2 φ = k, and the morphism η gives the required equivalence of deformations:
We are now ready to prove the main result of this section.
Theorem 5.3 (Homotopy invariance of deformations). Let
be morphisms in a model category M and consider a map A → K in M(K). If every cofibration is flat and τ is a weak equivalence of fibrant objects, then the natural map
is bijective.
Proof. By Ken Brown's lemma it is not restrictive to assume that τ : X → Y is a trivial fibration of fibrant objects. According to Lemma 4.4 we may replace Def(A) with c Def(A) at any time. In order to show the surjectivity of c Def
Next we prove the injectivity of c Def f (A) → c Def τ f (A), i.e., that two c-deformations of f ,
. By the argument used in the proof of the surjectivity it is not restrictive to assume that A → X A → X → Y and A → Z A → X → Y are are direct equivalent, i.e., that there exists a commutative diagram
Now hη : X A → X is clearly equivalent to h : Z A → X, while k, hη : X A → X are equivalent by Lemma 5.2. 
Lifting problems
Let M be a strong left-proper model category (i.e. a left-proper model category where every cofibration is flat). The full subcategory of flat objects ♭ M inherits the model structure of M, meaning that ♭ M is closed with respect to every axiom even if it may not be complete and cocomplete; for the axioms of a model structure we refer to [15] . For every morphism f : A → B in M the pushout − ∐ A B defines a functor between the undercategories
endowed with the model structures induced by M. Notice that in general
A ; throughout all the paper we shall denote the category ♭ (M A ) of A-flat objects simply by ♭ M A as above. By assumption f * preserves cofibrations and weak equivalences. Therefore, whenever f * preserves fibrations, it makes sense to study whether the following lifting problems admit solutions.
• Lifting: Consider a commutative diagram of solid arrows
in M A , where the upper square is in ♭ M A and reduces to the bottom square applying f * , and moreover the map g A is a cofibration (respectively: trivial cofibration) and the map p A is a trivial fibration (respectively: fibration). Then there exists a (dashed) lifting h A : Q A → S A which reduces to h B .
• (CW,F)-factorization: Given a morphism g : M → N in ♭ M A , together with a factor-
in M A , where the lower row is obtained by applying the functor f * to the upper row.
• Weak retractions of cofibrations: Let g A : P A → R A be a cofibration in ♭ M A , and consider the diagram of solid arrows 
Notice that for every surjective map f in CDGA
≤0
K the functor f * preserves fibrations. Motivated by geometric applications in Deformation Theory, the aim of the following subsections is to prove that given a surjective morphism f : A → B in DGArt are solved in Theorem 6.15 and Theorem 6.13 respectively. As a consequence, the lifting problem of (trivial) cofibrations is solved in Corollary 6.16.
All the lifting problems described above essentially deal with axioms of model categories, except for the one on retractions where some additional hypothesis have been assumed. Example 6.5 will show that if we drop the assumption on the horizontal arrows, then the weak 
0 has exact rows and columns since the (graded) tensor product is right exact. By diagram chasing, it immediately follows the surjectivity of
If moreover p is a weak equivalence, then
is so, since trivial fibrations are stable under pullbacks. The statement follows by the 2 out of 3 axiom.
A , where the upper square reduces to the bottom square applying f * , and moreover the map g A is a cofibration (respectively: trivial cofibration) and the map p A is a trivial fibration (respectively: fibration). Then there exists a (dashed) lifting h A : Q A → S A which reduces to h B .
Proof. Consider the commutative diagram
A , where the dashed morphism ϕ : Q A → S B × RB R A is given by the universal property of the pullback, which also ensures the existence of a (unique) map S A → S B × RB R A commuting with both p A and the projection S A → S B . By Lemma 6.2, the commutative square of solid arrows A , then by Lemma 2.5 the functor f * preserves weak equivalences between them. Therefore the statement of Theorem 6.3 implies that for any dashed lifting h B : Q B → S B in the square
given by model category axioms, there exists a lifting h A :
which reduces to h B via f * .
Lifting of trivial idempotents.
The aim of this section can be explained as follows. Consider a map A → B in CDGA
≤0
K together with a commutative diagram of solid arrows
A , where g A is a cofibration, e A and f B are trivial idempotents and the arrows in the lower square are obtained applying the functor − ⊗ A B to the ones of the upper square. The goal of this section is to prove the existence of a trivial idempotent f A : R A → R A fitting the diagram above. In other terms, we are looking for a trivial idempotent f A whose reduction is f B , and such that f A g A = g A e A , see Theorem 6.12.
The following example shows that if we do not assume the idempotent f B to be a weak equivalence, then the lifting problem above may not admit a solution. x → x + εz y → εwy for some w, z ∈ A. Now notice that the relations
imply that such f A is not a morphism in CDGA
A independently of the choice of w, z. The result explained above requires several preliminary results. Recall that CGA
K denotes the category of commutative graded algebras over K concentrated in non-positive degrees.
Lemma 6.6. Given A ∈ CDGA ≤0 K , consider a commutative diagram of solid arrows
A . If i is a cofibration and p is surjective, then there exists the dotted lifting γ : C → E in the category CGA ] → A is a morphism of graded algebras; moreover βα is the identity on A. Now, the morphism
is a trivial fibration and then there exists a commutative diagram
A . It is now sufficient to take γ = βϕ. Proposition 6.7 (Algebraic lifting of idempotents). Let i : A → P be a morphism in CGA ≤0 K , and J ⊆ A a graded ideal satisfying J 2 = 0. Moreover, consider a morphism g : P → P together with an idempotent e : A → A in CGA ≤0 K such that e(J) ⊆ J and gi = ie. Denote by g : P/i(J)P → P/i(J)P the factorization to the quotient, and assume that g 2 = g. Then there exists a morphism f : P → P in CGA ≤0 K such that f 2 = f , f i = ie, and f = g, i.e. f ≡ g (mod i(J)P ).
Proof. First notice that the condition gi = ie implies that g(i(J)P ) ⊆ i(e(J))g(P ) ⊆ i(J)P , so that the induced morphism g is well defined. For notational convenience, in the rest of the proof we shall write JP in place of i(J)P , since no confusion occurs. Notice that for every x ∈ JP we have g 2 (x) = g(x); in fact take x = i(a)p, with a ∈ J and p ∈ P , then
φ(P ) ⊆ JP, and gφ = φg .
Notice that the morphism φ is a g-derivation of degree 0; in fact for every p, q ∈ P
where the last equality follows since g 2 (p)φ(q) = g(p)φ(q), being φ(p)φ(q) ∈ J 2 P = 0. Now, define ψ : P → JP as ψ = φ − gφ − φg = −g + 3g 2 − 2g 3 , and notice that
In particular,
Therefore, to obtain the statement it is sufficient to define f = g + ψ = 3g 2 − 2g 3 , which is a morphism in CGA ≤0 K satisfying the required properties. [12, Sec.7] and in any case easy to prove as the consequence of the following straightforward facts:
K is a weak equivalence (resp.: cofibration, trivial fibration) if and only if it is a weak equivalence (resp.: cofibration, trivial fibration) as a morphism in CDGA K ;
• for every integer n there exists a natural bijection between Z n (Der * A (B, M )) and the set of liftings in the obvious commutative solid diagram
• for every integer n there exists a natural bijection between Der n A (B, M ) and the set of liftings in the obvious commutative solid diagram
in CDGA K , and the differential of Der * A (B, M ) is induced (up to sign) by the natural morphisms of B-modules
Lemma 6.10. Consider a morphism of retractions in CDGA
and define f = ip : R → R and e = jq : P → P . Let α ∈ Der * P (R, R; f ) and β ∈ Der * Q (S, S) be derivations such that the diagram
commutes. Then iβp ∈ Der * P (R, R; f ) and, setting γ = α − 2iβp we have
Conversely, given any γ ∈ Der * P (R, R; f ), the
and factors through a derivation β : S → S as above.
Proof. Observe that iβp is an f -derivation being f = ip. Moreover, since pi = id we have
Conversely, take γ ∈ Der * P (R, R; f ) and define α = γ − γf − f γ. Now, observe that ker(p) = ker(f ), and since
we have α(ker(p)) ⊆ ker(p). Similarly, since i(S) = f (R) the chain of equalities
Notice that β = pαi = −pγi, so that αf = iβp. To conclude the proof recall that the restriction of f to S is the identity, therefore β is a P -linear derivation.
Proposition 6.11. Let e : P → P and f : R → R be trivial idempotents in CDGA
K , and consider a cofibration g :
Proof. We can write f = ip and e = jq for a morphism between retractions in CDGA
where both g and g are cofibrant objects. The pushout of g along j gives an extension of the diagram above to
K . Since i and p are retracts of f , they are weak equivalences; in particular p is a trivial fibration. The same holds for j and q, so thatĩ is a weak equivalence. It then follows that τ is a weak equivalence between cofibrant objects in CDGA 
Since p is a trivial fibration and R is cofibrant, the map p * : Der * P (R, R; f ) → Der * P (R, S; pf ) γ → pγ is a trivial fibration by Remark 6.9; here we should think of S as an object in CDGA ≤0 P via the map gq : P → S. Now recall that pf = p, and since τ is a weak equivalence between cofibrant objects in CDGA ≤0 P , then the map τ * : Der * P (R, S; pf ) = Der * P (R, S; p) → Der * P (S ⊗ Q P, S; pτ ) = Der * Q (S, S; id) γ → γτ is a weak equivalence. Therefore, in order to prove the statement it is sufficient to prove that also the projection K → Der * Q (S, S) is a weak equivalence. Since every β ∈ Der * Q (S, S) lifts to (iβp, β) ∈ K, we have a short exact sequence
, where the R-module structure on ker{p} is induced via the morphism f . Therefore we have a short exact sequence 
Proof. We proceed by induction on the length of A. First notice that it is not restrictive to assume the morphism A → B comes from a small extension
K , for some cocycle t in the maximal non-zero power of the maximal ideal m A . Notice that K t is a complex concentrated in degree i = deg(t), and K t → A is the inclusion. In fact, every surjective map in DGArt
K factors in a sequence of small extensions as above. Since g A is a cofibration, the diagram of solid arrows
admits the dotted lifting in CGA
K by Lemma 6.6. This means that f B lifts to a morphism of graded algebras r : R A → R A satisfying rg A = g A e A . Moreover, by Proposition 6.7 we may assume r 2 = r. Now set
where ι : R[−i] · t → R A is the morphism induced by the small extension while R A π − → R is the natural projection. It follows that ψ is a cocycle in the complex D of Proposition 6.11. In fact, setting f = f B ⊗ B K , we have ιf = rι and πr = f π by construction, so that
Therefore there exists h ∈ Der
Setting f A = r − ιhπ we have that f A is a morphism of graded algebras. Moreover
and the image of πg A is contained in P , so that ihπg A = 0 being h a P -linear derivation. It follows that f A is an idempotent in CDGA
A satisfying f A g A = g A e A . By Corollary 3.6 the morphism f A is a weak equivalence and the statement follows. 
lifts to a factorization of f ; i.e. for every factorization P
A , where the upper row reduces to the bottom row applying the functor − ⊗ A B and the vertical morphisms are the natural projections.
Proof. We have a commutative diagram
A . Taking a factorization of g we get Corollary 6.14. Let A ∈ DGArt ≤0 K and consider a morphism f : P → M in CDGA
A between flat objects. Then f is a cofibration if and only if its reduction f :
Proof. First assume that f is a cofibration; by Theorem 6.13 there exists a commutative diagram
A , where the upper row reduces to the bottom row via the functor −⊗ A K . Moreover, by flatness, Corollary 3.6 implies that the trivial fibration Q → M is in fact an isomorphism, so that f is obtained as a cofibration followed by an isomorphism, whence the thesis. The converse holds since the class of cofibrations is closed under pushouts. 
lifts to a factorization of f ; i.e. for every factorization
Proof. The proof is essentially the same as in Theorem 6.13. We have a commutative diagram
A . Taking a factorization of g we get D
Notice that the composite map D → Q is surjective in negative degrees and hence a fibration. Moreover, the morphism P → D = D ⊗ A K is a trivial cofibration since P → D is so. Now since P → Q factors through P → D, the map p : D → Q is a trivial fibration. It follows the existence of a section s : Q → D commuting with the maps P → D and P → Q. Since P → D is a cofibration, by Theorem 6.12 the idempotent e = sp : D → D lifts to an idempotent of e : D → D. Setting Q = {x ∈ D | e(x) = x}, by Proposition 1.2 we have that Q ⊗ A K = Q and P → Q is a cofibration because it is a retract of P → D.
By Theorem 6.15 it follows the result that we claimed at the beginning of the section. A . For every trivial cofibration f :
K there exist a flat object P ∈ CDGA ≤0 A such that P ⊗ A K = P and a lifting of f to a trivial cofibration f : P → Q.
Proof. Since P is fibrant the diagram of solid arrows
admits the dotted lifting p : Q → P in CDGA
K . In particular, P is the fixed locus of the trivial idempotent e = f • p : Q → Q. By Theorem 6.12 there exists a trivial idempotent e : Q → Q whose fixed locus P = {x ∈ Q | e(x) = x} satisfies P ⊗ A K = P , see Proposition 1.2. The lifting of f is given by Theorem 6.15.
Deformations of DG-algebras
Following the general construction of Section 4 for every R = (K → R) in CDGA
≤0
K we can consider the functor Def R of its deformations in the strong left-proper model category CDGA ≤0 K , defined in the category M(K ). Recall that the above functor is homotopy invariant (Theorem 5.3), i.e., for every weak equivalence R → S and every A ∈ M(K ) the natural map Def R (A) → Def S (A) is bijective. In order to prove some additional interesting properties, in view of Corollary 3.6 and the results of Section 6, we consider the restricted functor 1 Def R : DGArt ≤0 K → Set of (set-valued) derived deformations of R. The main goal of this section is to prove that:
(1) if R and A are concentrated in degree 0 then Def R (A) is naturally isomorphic to the set of isomorphism classes of deformations defined in the classical sense:
(2) every deformation of a cofibrant DG-algebra may be obtained by a perturbation of the differential; (3) if S → R is a cofibrant resolution, then the DG-Lie algebra of derivations of S controls the functor Def R .
It is interesting to point out that the above point (3) requires DG-algebras in non-positive degrees, and its analog fails in the category CDGA K , see e.g. Example 2.7. 1 We shall see later that for every A ∈ DGArt ≤0 K the class Def R (A) is not proper.
Strict deformations.
In this subsection we introduce the notion of strict deformations in CDGA ≤0 K . It is a purely technical notion used in order to study deformations of algebras of special type: as we shall see in Example 7.4 strict deformations are not homotopy invariant and then unsuitable to study deformations in full generality.
A such that R A is flat, and the reduction R A ⊗ A K → R is an isomorphism ∼ = .
Two strict deformations R A → R and R ′ A → R are isomorphic if and only if there exists an
It is plain that for every R ∈ CDGA ≤0 K and every A ∈ DGArt
≤0
K there exists a natural map
Whenever A ∈ Art K , by Corollary 3.3, the restriction to the grade 0 component gives also a natural map
Example 7.2 (Classical infinitesimal deformations as strict deformations). Consider an object R in CDGA
K together with an Artin ring A ∈ Art K , and assume that R is concentrated in degree 0. The same argument used in the proof of Corollary 3.7 shows that every strict deformation R A → R is concentrated in degree 0 and therefore D R (A) is naturally isomorphic to the set of classical deformations of the commutative algebra R over the local Artin ring A. 
Proof. For every A ∈ Art K consider the map 
is a trivial fibration. We claim that there exists a first order deformation of H 0 (R) that does not lift to R 0 , and therefore that D R is not naturally isomorphic to D H 0 (R) . If A = C[ε] ∈ Art C denotes the ring of dual numbers, then the deformation
does not lift to a deformation of R 0 . In fact the ideal (x 3 , y 2 , x 2 y) is generated by the determinants of the 2 × 2 minors of the matrix G = x 2 y 0 0 x y and by Hilbert-Schaps Theorem [1, Thm. 5.1] every deformation of R 0 is induced by a deformation of the matrix G; in particular every first order deformation of the ideal (x 3 , y 2 , x 2 y) is contained in the maximal ideal (x, y).
7.2.
Strict deformations of cofibrant DG-algebras. Throughout this subsection we shall denote by X ∈ CDGA ≤0 K a cofibrant DG-algebra; then for every strict deformation
K , the map ψ is surjective and then also a fibration. Moreover, since K → X A ⊗ A K ∼ = X is a cofibration, according to Corollary 6.14 also f A is a cofibration. In order to prove that A → X A → X is isomorphic to A → Y A → X, notice that the diagram of solid arrows
commutes, and the reduction πι : X A ⊗ A K → Y A ⊗ A K is an isomorphism. To conclude observe that by Corollary 3.6 the map π • ι is an isomorphism and the statement follows.
Surjectivity. By Lemma 4.4 it is sufficient to prove that every c-deformation
is equivalent to a strict deformation. Consider the commutative diagram
A , and take a factorization of the natural map ϕ : (X A ⊗ A K ) ⊗ K X → X as a cofibration followed by a trivial fibration:
By the 2 out of 3 axiom we obtain the following commutative diagram of solid arrows For simplicity of exposition, for every ideal J ⊂ A denote JB = f (J)B, JS = if (J)S , and
A n = A I n , B n = B ⊗ A A n = B I n B , S n = S ⊗ A A n = S I n S .
Since i, p are weak equivalences between cofibrant objects, applying the functor − ⊗ A A n , for every n we have a weak retraction of cofibrant A n -algebras B n in − → S n pn and then, since S n is cofibrant the derivation (µ n−1 α, η n p n ) : S n → IS n−1 × IBn−1 IB n can be lifted to a derivation τ ∈ Der 1
An (S n , IS n ) by Remark 6.9. We have p n (i n η n −τ i n ) = 0 and α(i n η n −τ i n ) = 0 and then σ := i n η n −τ i n ∈ Der where the morphism A → K in the upper row is the projection onto the residue field. Then the following conditions are equivalent:
(1) f A is a cofibration; (2) f is a cofibration and there exists an isomorphismh : (R ⊗ K A) # → (R A ) # of graded algebras such that πh = p andhg = f A .
Proof.
(1) ⇒ (2). First notice that f is a cofibration, since cofibrations are stable under pushouts. Since π is surjective, by Lemma 6.6 the commutative diagram of solid arrows
admits the dashed lifting h : R → R A , which is a morphism of unitary graded K -algebras. By scalar extension, this gives a morphismh : R ⊗ K A → R A of graded A-algebras such that πh = p andhg = f A . We are only left with the proof thath is in fact an isomorphism.
Recall that CDGA
≤0
K is a strong left-proper model category, so that in particular f A is flat. By induction on the length of A, we shall prove that the flatness of f A implies thath is an isomorphism of graded algebras. To this aim, consider a surjective morphism A → B in DGArt 
where we denoted by δ and [−, −] the differential and the bracket of the DG-Lie algebra Der * K (R, R) ⊗ K m A respectively. The statement follows by observing that the gauge equivalence corresponds to isomorphisms of graded A-algebras whose reduction to the residue field is the identity on R. In fact, given such an isomorphism ϕ A : R A → R ′ A we can write ϕ A = id +η A for some η A ∈ Hom 0 K (R, R) ⊗ K m A . Now, since K has characteristic 0, we can take the logarithm to obtain ϕ A = e θA for some θ A ∈ Der For readers convenience we briefly recall the geometric meaning of the tangent-obstruction complex for the functor Def X : DGArt 
